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Abstract 

We compute the two-point functions for chiral matter states in toroidal intersecting 
D6-brane models. In particular, we provide the techniques to calculate Mobius strip 
diagrams including the worldsheet instanton contribution. 



Oh' 

^ '. 1 Introduction 



Today's high energy physics faces open questions such as the construction of a quan- 
tum theory of gravity, explaining baryogenesis, the rotation curves of galaxies, the 
' expansion of the universe, or understanding the gauge hierarchy problem... These 

■ motivate investigations of many extensions of the Standard Model of particle physics, 
including, for instance, supersymmetric and higher dimensional ones. The correspond- 

^ ing effective field theories find in string theory a unique framework for an ultraviolet 

■ completion. There, the quantum field theory peturbative expansion is replaced by a 
00 , sum over world-sheet surfaces, each order being ultraviolet finite in supersymmetric 
^ ' vacua. 

Because they characterise the effective low energy theory, the lowest dimension 
^ . correlation functions are of special interest. It is important, for instance, to under- 

^ I stand their dependence on the different data of the string compactification. Of these, 

the two-point function of scalars belonging to chiral multiplets <I>* gives information 
about the Kahler metric: 

{ct>\k)-^{-k)) = k^G^^^^. (1.1) 

The computation of these two point functions is the subject of this work. 

The chiral fields have a cubic superpotential W D ^^$j<&j$fc. In type IIB string 
theory, Xijk depend only on the complex structure and open string moduli, while in 
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type II A it may only depend upon the Kahler and open string moduli. The one loop 
correlator can be split into field theory part and threshold correction 

A(i)G^, = -7$, log k^/M^ + A.,, (1.2) 

where 7$. is given by 

I ^ijk I ^ 1 / \ 

and is related to the one-loop anomalous dimension 7^^.^ by 

(1) _ 7$. _ l^ufcl' 4x 
^'S>^ - G - ~ 167r2 ' ^ ' 

where Yijk is the physical Yukawa coupling. Just as threshold corrections modify the 
tree-level gauge couplings, so corrections to the Kahler potential change the Yukawa 
couplings (see for example [1]) of which the one loop corrections may be significant. 
Moreover, they can teach us about the expected effects of supersymmetry breaking 
when mediated by moduli fields. 

Below, we will carry out these computations for the case of toroidal orbifold / 
orientifold compactification factorisable on three two tori of type II strings (see [2] 
for reviews of IIB model building, and [3] for IIA, and [4] for recent work in this area) . 
These models provide an exceptional laboratory in this respect as they have a simple 
geometrical picture and they allow an explicit computation through conformal field 
theory techniques [5, 6, 7]. The chiral states are identified with the massless modes 
of two types of open strings: (i) open strings with both ends on the same stack of 
branes; and (ii) open strings with one end on a brane stack a and the second end on a 
different one b, the two stacks intersecting at non- vanishing angles O^i, on each torus k. 
To our knowledge the one-loop two point functions have been computed only for the 
former case (i) in [8, 9, 10]. This was related to the calculation of corrections to closed 
string moduli, as also in [11, 12, 13]. Moreover, because of the diverse application of 
moduli fields for the determination of coupling "constants" , supersymmetry breaking 
or inflationary models, previous works focused on the contributions from the N = 2 
sectors of orbifolds where the moduli dependence appears. However the states of type 
(ii) localised at brane intersections play an important role, as for example, usually 
the matter and the Higgs fields in phenomenological considerations are most often 
identified with them. We believe it is useful to provide the tools and expressions to 
compute explicitly the one-loop two point functions for these states. The computation 
proceeds in a different manner as it involves now computing two point functions for 
boundary changing operators. Using the techniques of [14] for twist operators, the 
computation of the tree-level correlations of boundary changing operators have been 
introduced for open strings in [15], successively used, first with four insertions with 
orthogonal brane intersections in [16], then for generic angles, the worldsheet instanton 
contributions was found in [17] before the full CFT computation was performed in 
[18, 19, 20], and finally generic N-point functions were calculated in [21]. Later, 
building on the general methods of [22], one- loop diagrams with boundary changing 
operators have been constructed [23, 24]. 
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Amplitudes involving boundary changing operators are sensitive to the compact- 
ification space data (as the vacuum expectation values of the moduli) as they are 
suppressed by contributions of the world-sheet instantons. For tree-level amplitudes 
this dependence appear explicitely for three and higher points correlations. However, 
at higher loops, it is already present at the two-point function. Part of this dependence 
is due to the Yukawa couplings in equation (1.3), but it is interesting to investigate 
the remaining moduli-dependent parts. For the case of the annulus amplitude, some 
steps in computing the two-point function have been taken in this direction in [24]. 
Although the method was outlined, the computation in the case where the amplitude 
involved three boundaries was not performed. Moreover, we did not find a similar 
computation for the Mobius strip available in the literature. We will present here the 
relevant techniques and apply them to get explicit results. 

The paper is organised as follows. In section 2, we will start by computing the 
one-loop two point function in the case of open strings with both ends on the same 
stack of D-branes when an orbifold action leads to an = 1 massless theory. This will 
allow us to compare the results with the case of open strings on brane intersections. 
The two point function for the latter is given in the case of annulus in section 3, 
and in the case of Moebius strip in section 4. Some useful formulae are listed in the 
appendix. 



2 Warm Up: Orbifolds 

In this section, we are interested by the two point functions for the massless chiral 
modes of open strings propagating on D3 branes in orbifold models. For simplicity, 
the target space is taken as x (T^ x x T'^)/r, where F C SU{3) is an abehan 
orbifold group. The compact space is parametrised by complex pairs of coordinates 
,X (I = 1,2,3) with the torus identifications: 

A^ ~ A^ + 27r/?f, A^ ~ A^ + 27rii2^sina^ (2.1) 

where the angle parametrises the complex structure of the torus; alternatively the 
torus data is encoded in the Kahler and complex structure moduli respectively 

= Tf + iTi = iR{R{ sina^ = ^e^" . (2.2) 

The action of an element g of the orbifold on the three compact dimensions is specified 
by the twist vector {gi, 92,93) £ SU{3) (i.e. ^jgi = to preserve at least A^ = 1 
supersymmetry) by 

gX^ = e^^'six^. (2.3) 

This projection acts on the open strings modes leading to chiral massless states 
(where / = 1, 2, 3 refers to an internal dimension and group indices are suppressed) 

We will not discuss the brane and orientifold content of the model which depends 
for instance on A^, but and suppose a set of D3 branes can be located at the fixed 
points, intersecting with (a possibly vanishing number) of D7 branes. On each of the 
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D3 brane, we assume a set of chiral states (where / = 1,2,3 refers to an internal 
dimension and group indices are suppressed). 

Depending on the orbifold, there can be twist vectors (01,02,93) lyhig in SU{2) 
or U{1) instead of SU{3). They lead respectively to sectors with states in = 2 or 
= 4 supersymmetry representations. Their contribution at one-loop to the Kahler 
potential has been calculated. For the = 4 case, it is found to vanish. In contrast, 
the N = 2 sectors have attracted a lot of attention as they give moduli dependent 
results. It was computed in full in [10]. Their result for the correction to the Kahler 
metric at zero expectation value for the chiral matter fields (analagous to the one that 
we shall give below for = 1 sectors) is 

(0^(fe)/(-A:)) = J^log(87rV(A:')r2C/2|r?(C/)n5]5] (trlT^.^AAtQ.,,)] 

(2.4) 

where n{k'^) is an infra-red regulator. The parameter a is used to indicate the bound- 
ary conditions: {cr} = {„4'^^, „4^''^ , M^^} denoting annulus diagrams between Z)3 — D3, 
D2> — D7j branes and Mobius diagrams between D3 branes respectively, = 1 for 
annulus diagrams, da = 2 for Mobius strip diagrams. Also 



7|®(7|)"' CT = ^33 

Ig'^iYg')'^ (7 = ^37, (2.5) 
fig) ("fflg) 



and 



Qa,g= n (^sinvrsj) (2.6) 

J\9j^0,hj=0 

where hj = OV/ for a D3 — D3 partition function, and hj = 0,hj^j = ±1/2 for 
D3 — D7^ . hj = is required to preserve supersymmetry. 

The field theory behaviour of the A'^ = 1 sectors was studied on the orientifold 
with purely D3 branes in [9]; in the following we provide a general analysis with the 
inclusion of the contribution of D7 branes, and give a closed form expression for the 
moduli-independent constants. We also regularise using the off-shell extension of the 
amplitude, which allows a direct identification of the infra-red cutoff with the physical 
momentum; this amplitude proves to be a good example where this technique can be 
easily applied, rather than, for example, zeta-function regularisation. However, it 
is worth mentioning that it can be shown that the same techniques apply to the 
calculations of [28] and give the same result. 

In the internal compact space, the total D3 and D7-brane Ramond-Ramond 
charges must vanish. The global cancellation of the corresponding tadpoles reads 

tr{jl^) - N03/2 = Uj^ - 8U07 = 0, (2.7) 

i j 

where the sum is over untwisted sectors and we have included the contribution of the 
orientifold planes 03 and 07; Ha denotes the homology element corresponding to 
the cycle wrapped by the D7 brane or orientifold. We find, however, that the global 
considerations are irrelevant for the calculation of the two point corrections. More 
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important is the twisted tadpole cancellation condition, enforced at each fixed point. 
Since 

(2.8) 



where /? = ±1, we cancel Mobius diagrams at twist g with annulus diagrams at twist 

^'^{lAi\2gQA^-^2g) + ^ (7^37^ 2gQ^37j gg) + 4/3tr(72gQ^33,g) = 0. (2.9) 



This then factorises: 

tr(7ig)Q.A33,2g + ^^'^{llg)QA-''j,2g + "^PQ M^^g = 0- 



(2.10) 



Note that for certain orbifolds (such as Z^r with N non-prime) there is a separate 
condition 

tr(7<x,sQa,c,) = \g^2g' (2.11) 

for elements of the orbifold not generated by 2g' . 

a 



In the spin structures 
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the partition function for annulus or Mobius diagrams 



can be written (see, for example, [10]): 



a 



(r) 



a 

/3 



iO,T)l[zLt 



1=1 



a 



(87r2a'9(r))2r/3(T) 

Our conventions for rjai3 and for the theta-functions given in appendix A and 

(0,r) 



(2.12) 



7^ 



with 



a 

/3 



a + hf 
P + 9I 



1/2 + hi 
1/2 + gi 



(2.13) 



(0,r) 



2sm{-Kgi) hj = 
1 hi = ±1/2 



(2.14) 



The zero ghost picture vertex operators V^j, V2.j corresponding to the complex 
scalars in the chiral <I>^ and anti-chiral multiplets, respectively, are given by 



V 



A 
At 



2a{k-'tp)^^ + 
2a' {k ■ Vj)"^^ + X 



ik-X 



Jk-X 



(2.15) 



without any factors of the string coupling. The worldsheet fields appearing in the 
above are the compact coordinates X^{zi),X (^2), their fermionic superpartners 
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^^{zi),^ (2:2) and the non-compact fermionic fields ip^^(zi). The Chan-Paton fac- 
tors A, are determined by the orbifold projections by requiring 



e^^^sA, 



(2.16) 



To calculate annulus and Mobius strip diagrams, we insert the vertex operators 
on the imaginary axis taking zi = and Z2 = iq. The one-loop worldsheets are 
mapped to complex plane domains defined to be [0, 1 /2] x [0, it] for the annulus and 
[0, 1/2] X [0, 2it] for the Mobius strip. However, in order to sum over the diagrams, it 
is necessary to rescale the modular parameter for the Mobius strip by t — > i/4, and 
so we shall in this section use [0, 1/2] x [0,it/d„] as the domain. We can then write 
all of the diagrams in a unified way, using t = it for the annulus, and r = 1/2 + it 
for the Mobius strip. Using the elementary Green functions 



a + hj 
P + 9I 



{iq,T)e[{0) 



1/2 + hi 
1/2 + 91 



(2.17) 



iO,T)9i{iq,T) 



we obtain: 



dt 



dqxiq) 



Val3 



{^■K'^a't/diy 



r27r- 



erne 


a 


{iq,T) e 


a + hj 
_ P + 9I _ 




mq,T)f ^ 


1/2 + hi 
1/2 + 91 


(0,r) 



-fihi) n 



int 



where 

The two-point function of interest then reads: 



'ifa) 

m ' 



{^\k)^\-k)) = 5^^5^tr(7.,3AAtQ,,,) 



(2.18) 



(2.19) 



Note that by using equation 2.10 we can cancel any function that is universal to the 
annulus and Mobius diagrams; we find 



tr(7x33_2gAA^(3_/vi33^g)J"(2c/) + ^ tr(7<^,2gAAl'Q<^,23)^(25) = 



(2.20) 



for any J^{2g). 

The identity (A. 4) and the supersymmetry conditions Yli — Yli 9i = ^ 
used to write A'^ as (c.f. [9]) 



A^j = 87rz(a 



l\2 



dt 



'0 {STT^a't/dir Jo 



^q^-2nhrq (0> ^Wi + hiT + g/, r) .^^ 
0i{iq,T)9i{hiT + gi,T) 

(2.21) 
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which, in the closed string channel, i.e. expressed in terms of / = 1/t takes the form: 



oo 



Ar = I ^[ d..e-^"»-- ^i'°;"";'^ + "'-'"";'') x(.^/0 (2.22) 

Jo SvT'^ Jo ei(x,il)ei[hi - giil,il) 

Jo SirSjo 9i(i,ii-l/2)9i(-2s,ii,ii-l/2) 
where s = {3, 7j}. The expansion 

^^^^^^i^^-^ = 7rcot(7ra)+7rcot(7r6)+47r V e^"" sin(27rma + 27rn6) (2.23) 

^ ' ^ ' m,n=l 

allows the identification of two sources of infrared divergences. The first in the open 
string channel, proportional to log A;^, corresponds to the usual beta- function running. 
The second in the closed string channel, ultra-violet in the open string one, which 
instead appear as a pole preceding a divergent integral, indicating a fundamen- 
tal inconsistency of the theory arising from uncancelled RR charges. If we expand 
in the closed string channel, then the UV divergence can be simply subtracted; it 
comes entirely from the closed string zero mode. However, in this channel regulating 
the infra-red divergence is more subtle. Consider the behaviour of the momentum 
dependent part in the two regimes 



f ((i^/)2°''='(2sin7rx)-2«''= I ^ oo 

\ 2,rc'tfc2:.(l-^) (2.24) 

[ e '^'^ i — > oo 

Since we are interested in the divergent and finite terms, but not those 0{k'^), we can 
split the integral into two regions, / greater or less than Ce, where e = 2'Ka'k'^, and 
C is some constant. Employing 

oo 

coth(x) = sign(x)[l + 2^exp(-2|3;|n)] (2.25) 



n=l 



we find as e — > 



-SvrMf = -i dx ^ 7r(-i + cot7r5)e-^^(i-^)/' 
Jo Jo ' 

fl POD °° 

+ dx d/e-2^^^'^^47r V e'^™"' sin(27rmx - Inngil) 

■^0 Jce 

+ dx dle-'^^'3i'^T:{cotTTgiil + i), (2.26) 

Jo Jce 

where we have subtracted the zero mode terms without affecting the finite part of the 
amplitude. 

After some algebra, taking e — > and C ^ oo such that Ce ^ 0, leads to 



Af 



33 



I e 



-mgj 



Btt^ sin ngi 



log 27re - 2 + 7£; 



C'(2,l-5,) + C'(2,5/) 



In the above, the derivatives of the Hurwitz zeta function are on the first argument, 
so that ^ 

log |m + a| 



m=0 



\m + a 



(2.27) 



The contribution from D3 — D7i states is identical to the above. However, for 
D3 — D7j with J ^ I we have hi = 1/2 whose contribution can be seen to be infra- 
red finite. Hence we can expand in the closed string channel and set /c^ = directly. 
Expanding 



Jo Jo 



cot TTX + itanhvrfif^ +4 (-l)"-e~^'"^"' sin(27rmx - 2TTngil) 



m,n=l 

then subtracting the pole parts and integrating we obtain 



A] 



37,7 



87r2 



sm -ngi 



log 2 



(2.28) 



The contribution from Mobius amplitudes does contain an infra-red portion; we 
obtain 



33 



/•I i-Ct 
/ 

Jo JO 



d/ 
T 



7r(— i + cot 'Kg)e 



-ex{l-x)/2l 



(2.29) 







+ dx dlne-^^'3ix 



Ct 



cot vrx 



+i coth7r257/ + 4 (-1 

m,n=l 



sin(27rmx — Airngjil) 



which then becomes 



Mf 



33 



Svr^ sin irgj 
i 



log 27re - 2 + 7£; 



327r4 



sin27r5/e-2''*9/ 



C'(2,l-b7|) + C'(2,|9/|) + 



log 2 
cos 2 irgj 



(2.30) 



We have thus computed all of the contributions to the one-loop Kahler metric for 
the states on such orientifolds. These can be split into beta-function and threshold 
contributions according to the choice of renormalisation scheme that one wishes to 
match in the field theory. However, note that, since M"^ = An'^a', we can rewrite 
in each contributino log27re = logfc^/M^. It was shown in [9] for the Z3 orientifold 
that the field theory result was reproduced; here we have generalised the approach 
slightly, included the contribution from D7-branes (which do not contribute to the 
field theory running, only the Kahler metric corrections) and computed the numerical 
corrections. It is hoped that these may have useful applications as they have a certain 
universal quality: since they do not depend upon the moduli, we expect them to be 
unaffected by implanting the singularity in a different geometry. 
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At the end of this section, we would like to notice that exchanging the internal 
direction / with one of the non-compact directions takes us to the two-point function 
for gauge bosons which allows to compute gauge thresholds corrections contribution 
from = 1 sector. The result is moduli independent^ and is found to be: 



dx 
^0 



dt 



E 



9'i{hiit + gi) f 9i{ixt,it) 



-TTX t 



which becomes for the case of Z)3-branes: 



(2.31) 



Noting the identity 



cot 'Kgi{2 - 7£; + log C) 



2isign{gi) 



log 2TT\gj\Ce 



2vr|g/| 



log 27r(n + (7/)Ce log 27r(n — (7/)Ce 



27r{n + gj) 



27r(n - gj) 



n=l 



1 — vra cot vra 
2^2 



(2.32) 



(2.33) 



we observe that the C-dependent parts cancel, and we obtain 



■^GT = ^ cot TTgi{2 --1E- log 27re) + — 



Svr' 



vr 



C'(l,|<7/|)-C'(l,l-|5/|) 



3 Annulus Diagrams in IIA 

In this section we compute the related amplitudes to the previous section but in type 
IIA string backgrounds. Here we take Z'G-branes intersecting at angles tt^^^ in the 
torus K with k = 1, 2, 3, which are the analogues of branes at blown-up orbifolds. 

In the orientifold model considered here, there are many one-loop diagrams that 
could conribute. They can be graphically visualised as cylinders with two boundaries: 
the first fixed to some brane a, and the second to either brane a or another brane. We 
place the vertex operators for our chiral states both on one boundary (the amplitude 
vanishes if they are on opposite boundaries) just as in the previous section, but now 
the vertex operators differ due to the presence of boundary changing operators. We 
shall suppose that our chiral states are trapped at the intersection ab with angles 
^^ab- There are then three classes of two-point diagrams that can be constructed, 
which correspond to the three types of partition function that are possible: 

1. Annulus diagrams with the second boundary on brane a or 5. 

2. Annulus diagrams with the second boundary on a third brane c not parallel to 
a or b. 

3. Mobius strip diagrams; since there is only one boundary, there is an insertion 
of an orientifold operator Oii which changes the boundary from brane a to its 
orientifold image a' (or b to b'). 



^The moduli-dependent parts which arises from N 
instance in [25, 26, 27, 28, 29]. 



2 sectors, have been explicitely computed for 
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The diagrams of type 1 were calculated in [24], where it was found that there were 
poles corresponding to RR tadpoles just as in the orbifold case; these must cancel 
against similar poles in the diagrams of type 2 and 3, as we shall show. The techniques 
required to perform the calculation in this section - the diagrams of type 2 - were also 
developed there for general A^-point correlators, but an analysis of the two-point 
function was lacking and is provided here. In the next section we shall compute the 
third type of diagram. 



3.1 Correlators of Boundary- Changing Operators 

The most non-trivial part of the calculation is that involving the boundary-changing 
operators; these are operators inserted into the worldsheet at a boundary that in- 
terpolate between D-branes. To understand their appearance, consider that the 
target space fields obey Dirichlet boundary conditions perpendicular to the branes, 
but Neumann along them, and once we have applied the doubling trick we have 
a periodic boundary condition very much like for orbifolds. On the infinite strip 
[— zoo,ioo] X [0,1/2] we extend to [— ioo,ioo] x [—1/2,1/2] by 

dX{w)-[ ^("'^^O (3 1) 

to obtain 

dX{w + 1) = e^^'^dX{w). (3.2) 

This global periodicity on the strip for an intersecting state is then mapped to a local 
periodicity on a worldsheet for fields in the presence of a boundary-changing operator, 
which represents the bosonic ground state: 

dX{w)ae{z) ~ {w-zf-\e{z) 

dX{w)ae{z) ~ {w- z)-^T'e{z). (3.3) 

They are primary operators in the theory with conformal weight |(1 — 6). 

Using these boundary changing operators we form vertex operators for the massless 
scalars at the intersection between branes a and 6, which we shall denote Cab^ in the 
— 1 ghost picture (with e~'^ the bosonised ghost operators) as 

3 



ah 

K = l 

3 



where the intersection is specified by three angles 9'^^, k = 1,2,3, and where to 
preserve supersymmetry Y1'k=i ^ab ~ ^ mod 2. The Kahler metric for these models 
is [30, 31, 28, 32, 33]: 



CahiC ah 



K=l 



r(i - Kb\ 



(3.5) 
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In the following we shall assume 9'^^ > and thus ^^^=1 ^ab ~ ^' ^^^'^ *° perform 
the below calculations with negative angles we can take — > 1 + Oaf This is a 
requirement of the formalism rather than merely a choice of convenience. 

To calculate the diagrams of type (2) above we must calculate the correlator on 
an annulus of two boundary changing operators agK ui^qk fixed to one boundary 

ah ah 

of the worldsheet. In the target space this boundary is attached to branes a and 
6, interpolating between them by absorption of an open string state. The other 
worldsheet boundary is fixed in the target space to a brane c not parallel to a or 5 (in 
the parallel case the calculation is that of [24] ) . We take brane c to lie at an angle (j)'^^ 
to brane a in each torus, (where to preserve supersymmetry we take Yl\=i 4>ca — 2) 
although the techniques below apply also for summing to zero mod 2), and the result 
is a worldsheet periodicity on the annulus (taken to be [0,1/2] x [0, it] doubled to 
[—1/2, 1/2] X [0, it] as above on the infinite strip) of 

dX{w + 1) = e^^''^--dX{w). (3.6) 

Correlators are split into quantum and classical parts. The correlator 



i(zi - Z2) \ "''^ "''^ ^ 

(3.7) 

is determined by the following quantities: 

^ J^(l/2 - e^)z, = (1/2 - CJg^ (3.8) 



where we have placed 

and 

where 



zi = 1/2 + iq, ^2 = 1/2, (3.9) 
WWW = AIB^ + A^B'l (3.10) 



.0 

Ai = dzuji(z) 

Jit 
.1/2 

Bi = dzuJiiz) (3.11) 

J-1/2 



in addition to 

LUiiz) = e 



2nid 



.e2{z - {1 - 92,)qi + ^^,Jt) (02{z-iq) 



72 



{z — iq) \ 92{z) 



1- 



^n,. _ ^-2m^,,.z (^2{z-9:,qi-^-Jt) f 92{z 

""'^^ ~ " 02{z-^q) \ 92{z) ) ■ ^^-^^^ 

We also require these for the classical action, which is given by 
M^^{A^,B^-A-^B^) - 2BfB^ ^^^^^^ , 2^?^^ 



(AfB^+A^^Bf) + ip^tipf - ^^^^^ 

(3.13) 
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Figure 1: Canonical dissection of torus. 



where 

,,4 4 sin 7r0!?„ sin 7r(6'^';, + sin -KSf-n sin 7r(2 — 9'^, — 6'^„) ^ 



(3.14) 



and 



^1 = -^K^c] 

4_2t^k 4 2t^k 

= ^V2[h- + n|— -^] = iV2F{e2„ ^caW + n| J . . J . (3.15) 

wliere /i", 6" are the height and base of the smallest triangle a6c, LJ? is the wrapping 
length of brane c, and h'^ = F{91^^, (p^a)^- The classical contribution is then 



Note that we have written N{t) for the normalisation. This shall be determined 
by considering the factorisation on the partition function. In doing this and in the 
following, we note that the integrals Ai, Bi control much of the information about the 
amplitude, and we can use the following to help determine the A^: 

sin^e- ^ sinvrr 



sm7r{92b + (p^a) Jzi " sinvrV'^^ 



1/2 



= ^e'^'^b^d. (3.17) 



(see fig. 3.1 
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3.1.1 Normalisation 



To normalise, we consider q ^ 0. Note that using the above and the integral over the 
C contour for the A integrals (and the property of the theta- functions that 9i{x) = 
xO'iiO) + ^0'1'iO) + ...) we determine 

1 ^ ^;(0) sin7r0«, 
Af 

B1 oo 

B1 (3.18) 

W 2Si^^77^^ — ■ 3.19 



and thus 



The classical action reduces to 
47ra' 



B A 

-jv\ + -{M^^va-vb)vb 



(3.20) 



where we have omitted the subscripts since they become redundant in this limit. 
We also have \\W\\ — > 2AB. Note that we have to Poisson-resum on since the 
second term above vanishes, giving a divergent contribution after summing over ub- 
The coefficient of is then B2i'(J{L^)'^ ' ^° classical part of the boundary 
changing operator amplitude, plus the determinant factor, becomes 

Note that it can be shown that there is no zero mode contribution to the action 
{ha = Ub = 0) as required; this can be used to show that there can be no zero mode 
contribution to va- We must compare this with the partition function and the OPE 
coefficient Cq^k°1_qk . 

ah ' ah 

First consider the disk normalisation 

where ga is the Yang-Mills coupling on the brane, given by 

^-2 = (3.23) 

where Is = lix^fa' and Va is the compact volume of the p-brane a. We require an 
expression for a given, internal, complex dimension, and can therefore write 

(l)a = (l)4nW- (3-24) 
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where for Z)6-branes 

1 1 



(1) 



4 



{2TTa'y 2Trg, 



(1). = -i^. (3.25) 

Here LJJ is the length of the brane wrapping a one-cycle in complex dimension k. Then 
since we have the freedom to normalise the wavefunctions of the vertex operators, we 
can use 

{af. ate^ )a = 1 = C^f 1, (1). (3.26) 

ab ab ^ab^ ab 

to determine 

Cifl = ^ (3.27) 

Now we wish to normalise the boundary changing operator amplitudes at one loop, 
so we consider 

{al\{zr)a\%. {z,)),, ~ {z, - z^Y'^^^^^-'l^^ cf^^\ Z^^ (3.28) 

O'O ao ab' ab 

where 

Here, /^^ is the number of intersections between branes a and c in the torus n. Then, 
with the aid of the identity ([27]) 



(3.30) 



we can write 



r/^(^^j 



3.1.2 Field Theory Limit 



The field theory limit of the above amplitude is found by considering t — > oo. In this 
regime we may expand theta-functions as 

ei{z) 2e-^*/^(e-^*^ - e^*^ - e-'^^\e-^^'^ - e^^*^)) + 0(6"^*) 

02{z) e-^*/^(e-^^^ + e^^^ + e-2^*(e-^^^^+e^^^^))+0(e-^*) (3.32) 

We neglect terms 0(e~'^*) and 0(e~^'^'^) (although retain fractional powers). We use 
this to determine the integrals Ai and Bi, with the aid of the following: 

/ dye^™^ (l-e-2^J')^(l-e"2^'^e2^J')^ = B{a, l+j) +—B{-a, l+/3)+0(e-2^'') 

Jo 27r 2tt 

(3.33) 
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and 



1/2 
-1/2 



dxe™^(2cos7r2;) 



r(i + /3) 



(1 + /?) 5(1 + ^,1 + 



r(i + ^)r(i + ^)' 



This allows us to determine (for (p'^^ > 0) 



(3.34) 



^ 27r 



g-2.(i-e«,),^(^.^^^.^_ 1^ 1 + e-2-'^-«i?(l-^?^, 



27r 



^2..(.:,+<^?,-i)^(^«^ + - 1, 1 - + B{i - ei, 



ab 4'cai 't'ca) 



+ e 



r(i - ei,) 



ah ^caJ 



r(i + <^-jr(i-0- 



ab y'caJ 



smTTcp 
vr 



27ri 



i?(l-V'£„l-0-J 



1 



+ 



g27r(ge-,+{0-,-l)i) 



1 



(3.35) 



The leading behaviour of (where for simplicity in the following we shall take 
^ab^(t>ca > 1/2) is given by 



ll^ll 

where we have defined 



-— exp[27r</.^,t] exp[27rg(0^, - C)]r'^ 



r(i-e-jr(i-<A-jr(i-V£) 



ne^bW^cam, 



(3.36) 



(3.37) 



be J 



for later use; note that ri Gr< n Gr< n = n^(r'')^^^- 

In this limit, A2B1 dominates over A1B2 and we obtain for the classical action 



2A 



Bl 



(3.38) 



Noting that -gi: — > 1/Maa, we obtain 



vb y 
MAa) ~ mAA 



which gives us 
S 



2-Ka' 2 
1 



ca) 



(3.39) 



2rpK 



——) +{b'' + n% 



27ra 



j[A{nA,nB) + A{nB)] 



(3.40) 



This is just two sums over areas of triangles abc wrapping the torus, and gives the ex- 
pected field theory factor as the product of two Yukawa couplings. Note the similarity 
to the tree level expression as given for instance by equation (A. 17) of [24]. 
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3.1.3 Fermionic Part 

Accompanying the bosonic amplitude is the fermionic one. The correlators are given 

by 

qje^a^Hi.,)^^ = e2™Qe.(mt + Q)]^ (^T^)"""' (3-41) 

where 

Q = ^aiZi. (3.42) 



This gives for us 

Q = (Ql^-\){z^-z-,) = (Ql^-\)qi (3.43) 
for the operator e**^^a6~i)^e~*(^a6-i)^, while for e*^a6^e~''^a6^ we have 

Q' = OabQi- (3.44) 
Note that the fermionic partition function is 

and thus we require a normalisation factor of iri{it)~^ exp[— 7r((/>J^^)^t]. 

3.2 Full iV = 1 Amplitude 

We have now assembled all of the ingredients to write down the full amplitude. This 
is 



^^(g^(^ab -1) + (I'cJt) |^K|-l/2 ^ g-S{n^,n^) ^g ^g) 



K=l 



where x is as defined in (2.18). 

After summing over spin structures v we find 



1.2 foo jj. 1 ft 

^=Y^''c.,,c..''^triX.^'l) I Y-^^ i ^^«"^x(g^)^l(.9)"^ 

3 

ll9Me:,-l) + r,Jt)\WT'^' e-^("A.-B). (3.47) 



K=l 



This, with the expression (3.13) is the main result of this section. We see that all of 
the moduli dependence is contained in the classical action. 
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Note that x ~ {qi)~ as g ^ and x ~ — l)~ as q ^ t and thus the 
above ampUtude has poles at q = 0,t, as predicted in [24]. Using equation (3.21) we 
can see that the prediction there is exactly correct, and we find 



A 



327r3 



(2^V^)3 fNJ, 



2a' 



(3.48) 



3.2.1 Field Theory Limit 

If we now wish to take the field theory limit of the expression (3.47) we must consider 
t — > oo. Using the expressions from section 3.1.2 and equation (2.24), we easily derive 

poo Jj. 
A/27ra'A2 t 



A = triXabX'J 



Gr< . n 



Cab,Cab 1571-2 



ft=l 



+ k'AG, 



CabiCab 



where 



1^1^ - n 



27re 27rci' 2TTa' 



(3.49) 



(3.50) 



is the square of the coupling appearing in the superpotential. AG^ 7^ is the correc- 
tion to the Kahler metric from integrating out the massive string modes. Note that we 
have used a different cutoff scheme here to section 1; here we cannot claim that there 
is no contribution from massive modes in the region [l/27ra'A^, 00] of t, but instead 
these give finite contributions to AG^ 7^ . It would be very interesting to compute 
this correction, but it is complicated by, among other issues, the explicit summation 
over worldsheet instantons. Note that the classical action is only a constant in the 
field theory limit; in general it is a function of the worldsheet coordinates and the 
modular parameter, and so should give interesting dependence on the Kahler moduli 
to the full amplitude. 

Performing the integration in the above we obtain 



A 



1 



-^^etr(A..Alj^ 

"A2 



log fcVA^ - 2 + 7E 



2^2(1, 2; 2, 5/2; -k^ /AK^) + Ar^AG, 



CabiCab 



(3.51) 



This reproduces exactly the field theory result for the anomalous dimension of the 
super fields. 



4 The Mobius Strip Amplitude in IIA 

In this section we provide new techniques to calculate Mobius strip amplitudes for 
states at intersections between branes. This further generalises the techniques that 
were developed for periodic closed string amplitudes in [22], were first applied to the 
case of intersecting branes in [23] and we generalised to the case of generic annulus 
diagrams (i.e. with no restrictions upon the angles of the branes) in [24]. 
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4.1 Worldsheet Periodicity 

A Mobius strip can be considered to be a strip closed under an orientation reversal: 
consider 

X{w + it,w- it) = VLX{w, w) = X{l/2 -w,l/2- w). (4.1) 
If we now combine this with a reflection to make an orientifold model 



X{w + it,w- it) = Q.RX{w, w) = X{l/2 - 1/2 



w 



(4.2) 



we see that we can consistently combine this with the doubling trick for intersecting 
brane models. We align the coordinate system along the orientifold plane, so that 
for worldsheet the strip [0,it] x [0,1/2], on the imaginary axis we have Neumann 
boundary conditions along X + e^'^*'^'''0®X — c(l + e^'^*'^''^^) with Dirichlet condi- 
tions perpendicular, and along the axis 'R{w) = 1/2 we have Neumann conditions 
along X + e~^'^*'^'^'O^X — c(l + e~'^'^'^'^°-°^) , where c is the position of the intersection 



along the 06 plane. We then have boundary conditions dX 



^±2^i<)>a,06dX, dX 



trick 



^-T'-"-va,o6Qx where the upper (lower) sign is for ^{w) 



dX{w) 



dX{w)_ ^{w) > 

_e27ri</,„,06^x(-w;) ^{w) < 

and similarly for dX,dX, we arrive at the new periodicity conditions 



0(1/2). Using the doubling 
(4.3) 



dX{w + 1) 
dX{w + 1/2 + it) 

dX{w + l) 
dXiw + 1/2 + it) 



-im<f>a,06 



^-2TTi(l>a,06 



dX{w) 
dX{w) 
dX{w) 
dX{w). 



(4.4) 



This provides a convenient way to obtain the holomorphic differentials with given 
boundary conditions. Note that these lead to 



dX{w + 2it) = dX{w), dX{w + 2it) = dX 



(4.5) 



To compute the worldsheet instanton contribution, we integrate the (doubly periodic) 
function dXdX{w,w) over the fundamental domain - but it is more convenient to 
extend this to the domain [0, 2it] x [0, 1/2], and take half of the resulting action. 

If there is also an orbifold projection, we may combine the action with the orien- 
tifold as above and adapt the doubling trick accordingly, or we can simply align our 
coordinate system relative to the new fixed planes. 



4.2 Cut Differentials 

The cut differentials with the periodicities (4.4) are given by using the theta-function 

1/2 - 2a 
1/2 + a 

1/2 - 2a 
1/2 + a 



{z + m;T) = exp(27ri(l/2 - 2a)m) 
(z + mT;T) = exp(— 27rza) exp(— 27rim/2) 



1/2 - 2a 
1/2 + a 



(z-t) (4.6) 



X exp(— vrim^T — 27Timz) 



1/2 - 2a 
1/2 + a 



(z;t). 
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We thus define 



ei{z) ^ 



1/2 - 2(f>a,06 
1/2 + (l)a^06 

1/2 
1/2 



{z;- + it) 



1 



{z;- + it). 



(4.7) 



For a correlator of L vertex operators at coordinates Zi (all lying on the imaginary 
axis), each with angles 6i we may take "^f^i Oi = M.We then have L — M cut differ- 
entials as a basis for dX, with {i'} = {1, L — M}: 



CJe{z) =jx{z)9+<p^ o6i^- ze -Y) Yl Oi{z-zj) 
and we have the set of M differentials for dX with {i"} = {L — M + 1, L}: 

L 

= (z)6'_0^ og(z - z,// + y) JJ 6*1 (z - Zj). 



(4.8) 



(4.9) 



Here 



7x{z 



Y = -^e,, Zi, + ^(1 - ei,>)z,n 
i' i" 

L 

= JJOiiz - Zif^-' 



i=l 
L 



HOiiz-ZiY 



(4.10) 



i=l 



These cut differentials are a natural basis which is convenient for deriving the 
quantum part of the amplitude, but for performing calculations it is convenient to 
express the above only in usual theta functions. We replace 



(4.11) 



where we use Za to denote a member of Zj/ or Zi". We shall denote the new basis 
{ojiijiOi"}. To convert between the two bases, we have 

g-27ri9io,06(l+</'a,06(l-2it))g47ri(^t,_06(2Q+'^)^., 



UJi' 



-27rj0a,O6(-l+</'a,O6{l-2ii)) „-47ri(/)t,_o6{^a-l') 



(4.12) 



In this basis, the cut differentials for a two-point function with vertices at zi = 0, Z2 
iq and angles 6,1 — 9 are 



UJl{z) 



h (z - 9qi - 2(t)a,o%it) [ 6i{z - iq) \ ^ 



ei{z-iq) V Oi{z) 

,(,^ _ Ma oez &li^ - (1 - + 2<O6^0 f 9l{z- iq) 
' e,{z-iq) [ 6,{z) 

In each of the above, the modulus of the theta functions is r = 1/2-1- it. 



(4.13) 
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4.3 Classical Solutions 

The classical solutions Xci,X(.i satisfy the boundary conditions 

dzdX + dzdX = va 

la 

dzdX + dzdX = Va (4.14) 

where the Va are L displacements corresponding to the independent paths 7^ on the 
worldsheet. We can use these to determine the classical solutions in terms of the basis 
of cut differentials: 

dXd{z) = Va{W-^)t>OJi>{z) 

dX,i{z) = Va{W-^)tnUJin{-z), (4.15) 

where we have defined the matrix W as 

= ^^^dzu^^'iz), i! = {Y..L-M} 

lyf = J^^d-zCj'"{-z), i" = {L-M + l..L}. (4.16) 

We can then use these to determine dX^i , dXci via the doubling trick: 

dXa{z) = -e-2-^-o6^,(T^-i)^,u;,,(-z) 

dX,i{z) = -e^-'^'^'OHa{W-')t.O,4-z). (4.17) 

However, we may also note that the complex conjugates of the cut differentials are a 
good basis for dX^i, dX^i if we extend those fields to 3^(2;) = [—1/2, 1/2] via 



dX{w)-{ _,-2.Sax(_^) ^(!)!j<0 (^-^^^ 



to obtain 



dX,i{z) = Va{W ^Ti.U^Az) 
-l\a 



dX,i{z) = Va{W-Ti„u:in{z). (4.19) 

These are entirely consistent provided that we choose the Va correctly. This is a 
crucial point: we are not at liberty to choose arbitrary cycles for the 7^, but must 
match them to displacements with the correct phase. We can write 

uji,{z) = e'^-'i^i:{-z), uJi'iz) = e'^i"oji>>{-z) (4.20) 

and 

dzOi'iz) = -e*''"e*^»' / dzLOi'{z) 

la J la 

dzuji>,{z) = -e*''°e*«»" / dzu,n{z) (4.21) 

la J la 
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where rja is a phase, constant across i for each a, and such that we can write 

Wi = -e^'^'^e'^mf. (4.22) 

Then 

= -e-''^'^e-'^^{W-^)^ (4.23) 

and thus we require for consistency 

Note that the phases e^' are always removed from amphtudes (corresponding to nor- 
mahsation of the basis functions), and indeed, when we take the basis they 
are equal to 1 anyway. However, as mentioned the phases rja are crucial. A conse- 
quence of the above is that 



and therefore 
Using this, we define 

dzLOi'{z) -- 



dX{-z) = -e^^'^-'0^dX{z), (4.25) 
/ dx dX{x) = dx dX{x). (4.26) 

Jit+l/2 Jo 



'7s 

which we denote 



1/2 rit+1/2 

dzLOi' (z) + e''^ dzuJi'{z) 



(4.27) 



7B = ^ ( [0, 1/2] + e'^ [it, it + 1/2] ) . (4.28) 



cos -0/2 

] 

cos ip/2 
The above then results in 

r/B = ±7r + 27r0a,o6 - V', (4.29) 

which gives us the phase oi vb, and thus 

VB = ie'^/^VB- (4.30) 

Here vb is a real number corresponding to the distance traversed by the cycle, and 
thus it may be negative. However, we have an apparent freedom in choosing tp. This 
freedom is fixed by the requirement that the action not depend upon the linearly 
independent combination 

as shall be seen in the next subsection. 

To fix vb, however, we must consider from the above that 



VB = -777 



(^s-'^/'^AbX - c'^^^Abx'^ . (4.32) 
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4.4 Classical Action 



The classical action is determined by integrating the classical solutions over the sur- 
face: 



Scl = [ d^z(dXdX + dXdX) 

Ana' Jr 



Ana 



IR 
1 

■jVaVb 



where the region R is the doubled Mobius strip [0, 1/2] x [0, 2it], and we have divided by 
two; the functions dXdX and dXdX are even under z — > —z and z — > z + 1/2 + ii. It 
remains to determine the inner products [iVii ,ujji). To do this we perform a canonical 
dissection by writing iOi{z) = dfi{z) and integrate using Green's Theorem, as in 
[22, 24]. We split the worldsheet up into paths and use Cauchy's theorem to express 
these in terms of the same cycles ja- Two paths are eliminated; the most expedient 
to eliminate depend upon the precise configuration, and hence we shall provide the 
procedure and the expressions for the two point function, rather than the general case. 
In the two point function, we have one vertex fixed at z = 0, and one at z = qi. The 
range of q is [0, 2t]. The appropriate contours to take depend upon whether the initial 
brane is parallel to the orientifold plane or intersects with it, and whether q > t. 

Suppose that the first Nd vertex operators have Q{zi) < t, and the following Nc 
have ^(zi) > t, ordered in increasing Q{zi); they all lie upon the imaginary axis, and 
so we define the contours 



Cnc+1 = 


[2it, znc+Nd 


Ci = 




Ci = 


[zNo+i^it] 


Dnu+1 = 


[t^ZNj,] 


Di = 


[Zi+l, Zi], 


B = 


[0, 1/2] 


B = 


[it,it+ 1/2] 



ND + l<i<Nc + ND 



(4.34) 



noting that zi = 0. 

We also require the conjugate contours 



C'i = Ci + 1/2 -it 

D[ = Di + 1/2 + it. (4.35) 

and the phases 

^ g-2^i<^a,06gid.^. (4,36) 
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Ci 



-B 



-B 



B 



2it + 1/2 
—K 



-D'2 



d 



-a 



-a, 



1/2 



Figure 2: Canonical dissection of doubled Mobius strip. 



where 



di — (ii-i 

Ci Cj— 1 



-2TT9i 



and similarly for di. We have cnq+i = and thus 



mod 27r 
mod 27r 



= -211^6 j 

Ci = 27r ^ Qj+No 
j=i+i 



The configuration is illustrated in figure 4.4. 
The conditions for eliminating paths are 



(4.37) 



(4.38) 



(4.39) 
(4.40) 
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Once all spurious degrees of freedom have been eliminated, we can finally write 

{uj,u,ojju) = iW'^wfW'' (4.41) 
where M"^ is anti-hermitian. We can simplify by using the matrix 

and defining Wai by 

= ie-'^'-^/^Wai (4.43) 

(which factors out the phases for the individual cut differentials; as we argued they 
disappear from the action anyway - although note that it does not exclude elements 
Wai from being negative) to then write the action in matrix form as 

S^f = i[M^WPW-'^ - {M'^WPW-'^)^ - M^]"'' (4.44) 

4.5 Classical Action: Two-Point case 

It is possible to deal with the two point functions quite generally; initially we have 

five paths Cj, Di, 13, B where Nc = 1, Nd = 2 when q < t oi Nq = 2, No = 1 when 
q < t, and in both cases we can eliminate all but two: B and A = Ci + Dj. 
That ^ is a valid path and has a well-defined phase is straightforward to show using 

n. — _ _ 2Triipa,06r<' 

A = -e"^'Di = _e2'^^<^-.o6£)^ (4.45) 

and 4.39; we find 

A = -e^^^-^-.oM. (4.46) 
The displacement associated with this is then 

VA = -^{Va + Va>) = V2nALa COS 7r(t>a,06 (4.47) 

4.5.1 q<t 

In this case, the matrix M""^ is given by 

j^AA _ ■ •?r(2(/>a,06 + 0) tan 7r(/)a^06 

sinvr^ 

M^^ = 0. (4.48) 

We also find 

^ = -2'K<))a,06 (4.49) 
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and thus f_B is perpendicular to brane a'; we find 

-TTi(f)a,oG / 47r^r2 



VB 



V2: 



. e 

^ 2 

cos TT(j)a,06 



UB- 



+ yB 



where ub is the height of the smallest triangle ab06. The action is 
1 



wlwl-w\wl 



-w\wl 



which gives 



(4.50) 



(4.51) 



Sr.. 



47rQ' WlWl - W\Wl 



(4.52) 



W},Wl + iM^^{W\Wl + WlWl) ] {riALa cos i^^am? 

47r2r2 



W\Wl . 47r^T2 



COS^ TT 



+ yB)\ nB 



+ yB + 2iM^^nALa cos"* 7r(/)a o6 



La 



We also have the determinant 



sin ttO 



(4.53) 



For calculating the integrals W\ when (^a,06 7^ it is most expedient to use the 
identity 

^ sin7r(0a,o6 
from which one deduces that, in the limit g — > 0, that 



(4.54) 



W. 



D 



wl 



TT 



gl(2(/.a,06it) ^_^,^^^^ 

O'li^) sin7r(0a,o6) 
-W\ ^ -A 



(4.55) 



while it is also clear that W\ — > = — > 00. 

In this limit we find that the coefficient of the term quadratic in diverges, 



and thus the sum over ha is reduced to the zero mode: e 



-S{0,ns) 



However, the coefficient of the quadratic term in reduces to zero, and we must 
Poisson resum, upon which the sum collapses to a single contribution: 



E 



-S(nA,nB) 



B\\/a' La C0STT(/)a,06 



\A\ 27r 



T2 



(4.56) 
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4.5.2 q>t 

In this case, the matrix M""^ is given by 

AA _ ■ •^(2'Aa,06 + tan 7r(6' + ^g^p^) 



M 



M 
M 
M 



AB 
BA 
BE 



-in{9+4ia.06) j1 
gi7r(6»+(/>a,06) j2 



smvrt 



We also find 

il) = -2TT(j)a,o6 - 2vr6', 
and thus vb is perpendicular to brane b'; we find 

„-7ri(e+(/>a,06) / 47r^T2 



VB 



= V2i 



COSTT{(f>an6 + 



riB- 



+ yB 



The action is 



(4.57) 
(4.58) 

(4.59) 



S 



<ab 
'd 



-w\wl 



(4.60) 



which gives the same action as equation (4.52) but with M^^ replaced with 
and vb modified. The determinant is 



1^1 = ie-^^'^--o''-^'Hw\wl - W^W^ 



(4.61) 



For calculating the integrals when (pa,06 7^ it is most expedient to use the 
identity 



from which one deduces that, in the limit g — > 0, that 



(4.62) 



Wi 



-wl 



-A-nBt 



m 



simrie + (t)a,06) 



(4.63) 



while it is also clear that Wj^ — > — > 00. 
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4.6 Quantum Part 

The quantum contribution for the Mobius strip can be derived exactly as in [24] but 
with the new basis of cut differentials. The result is 

i=l 

L-M L L 

n n 9,{z. - z,)^' II e,iz, - z,)-^^'-'^-'^+''^'^^ (4.64) 

0<i<i L-M<i<j 0<i<j 

written in the basis a)j. To transform to the basis Wj, we use 4.12 and note that 

Qiirict,,,oeY Q^{Y + 2(t)a^o&it) to give 
L 

i=l 

L-M L L 

\{0M-z,f/' n oM-^^f'' \{0M-^,r'^^'~''~'^^''''^^ (4.65) 

0<i<i L-M<i<j 0<i<j 

where P is as defined in [24]: 

L 

P = Y^{l/2-9i)z,. (4.66) 

1=1 

In the case of a two-point function with zi = 0,Z2 = iq, 9i = 6,02 = 1 — 9,Y = Oqi 
we have 

{<ye{^)<yi-e{<li))'l,, = |T^|-V2e4-^-e(^-V% ^'^"''^ (4.67) 

4.7 Normalisation 

To normalise the two-point function we use the OPE 

{af{zr)a\%{z2)) ~ (zi - z^)-'^'-''^ d^^^^M^, , (4.68) 

with the same OPE coefficients (3.27) as before, but now the partition function is 

..X -J exp(47r(,Aa,06)'t)r?(ri + 1/2) 
c'l(20a,O6«i, 1/2 + it) 

Using equations (4.67) and (4.56) we find for g < t, g — > 

Ar(,.)-^(i-'^)e"-/V-^--/2— = (<?^)-'(^-')^Mf,, 

(4.70) 
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and hence, using the identity (3.30) but for the intersection between a and a' (with 
angle 2tt (l)a,o&) we find 



ri^{it + 1/2) ^ ' 

Following the same procedure for q > t we factorise onto 

exp(47r(</..,o6 + 9 - l)H)r]iit + 1/2) 
6^1(2(6^ + (pa^oa - !)«*, 1/2 + it) 

to obtain 

N = Ne"'"'^/'^ (4.73) 

4.7.1 0,,o6 = 0, -e 

If either brane a or 6 is parallel to the orientifold plane {(pa,o& = 0, —0 respectively), 
then the partition function that we factorise onto contains worldsheet instantons. For 
a parallel, for g — > we factorise onto ([27]): 



M^, = - '——Ye (4.74) 



or the same for M^, should that be the parallel brane, at the pole q 2t. To see this, 
note that for (pa^OQ = we have = 0; but in addition, as in the case of an annulus 

diagram with a parallel brane, we find that W}^ = W'^ = B and W\ = —W\ = —iA 
and thus the action (4.52) becomes 



-jiriALa) - -R[nB— hys) 

A B La 



(4.75) 



and \W\ = 2iAB. In the limit g ^ we find S — > 1, A — > 2i, and so to show 
equivalence to the above we must perform a Poisson resummation on ua to obtain 

U ((\\^ (^n\\ ^".06^0 ( Oi{iq)Y'^^^~'^~^ 2t^Yx' 1 
(cr0(U)fTi_0(igj) — > 



i(0)y T]{\l2^itfLaB 

47r3a' A,. . ',2 i „ Ig. i 2/13 -.21 



X E e"^^'""' ^^--^^^^ J (4.76) 



which clearly reduces to the expected form in the limit 



4.8 Fermionic Correlators 

Calculation of fermionic correlators is straightforward using bosonised operators: 

L 
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where v indicates the spin structure and 

Q = ^aiZi. (4.78) 

i 

To normalise, we require the fermionic partition function 

- f ^I^(2'Aa,06^t,l/2 + ^^) 

exp(4^(c/.,,06)2t)r?(it + l/2)- ^ ' ^ 

and thus we must multiply by iT]~^{it + l/2)e~^'^''^<''0''*. 

For the two-point function with ai = ^ — 1, 02 = 1 — we have 

e"'^'^lo6*^(it + 1/2) 

4.9 Full Two-Point Mobius Amplitude 

We now assemble the above machinery to compute the two-point function for the 
Mobius strip in = 1 supersymmetric sectors. The contribution to sectors with 
more supersymmetry can be obtained from the below by setting some angles to zero. 
We use the same vertex operators (3.4) as the previous section, for states at an 
intersection with angles 0*^ where ^^"^ = 2, but we define 

zx =0, Z2= iq (4.81) 

in accordance with the method outlined in this section (but in contrast to that used 
in the previous one). Here we also have the angle between brane a and the orien- 
tifold plane (paoe- Here we take J2k 'i^aoe ~ 2' although summing to zero is entirely 
equivalent for these. 
We thus write 



M = {Cab{k)Cab{-k)) 



dt 



2t 



ri{it + 1/2)3 

which after summation over spin structures becomes 

M = r / TTTT / dqeiiiqy^e^^'^iqi) 



X 



n^i(2<o6it + (r-l)g.)|T^72|-V2 ^ e-^^ (4.83) 
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In the same way as the previous section, but after rescaling t t/4 to match the 
modular parameter of the Mobius strip to the annulus we can find the pole behaviour 

M - -4.„.%£=..(.„aL) [^(^ . I) f ^ »..i.e] ,4.84, 

where, in the same way as in section 2, we have 7q^7j^/j = Pqr^ = ±1- This is then 
exactly the correct contribution to cancel the poles in the annulus diagrams. 



5 Conclusions 

We have calculated the one loop Kahler metric for chiral fields on branes in both 
branes at orbifold fixed points and intersecting brane models, and in so doing com- 
pleted the set of techniques for calculating D6-brane boundary-changing operator 
amplitudes in toroidal orientifold models. The two types of calculations are in stark 
contrast, due to the presence of the boundary changing operators in the second case, 
although they both reproduce the field theory expectations and both contain closed 
string tadpoles that must be subtracted. In addition, the first computation involves 
no moduli dependence, and so we expect that the corrections given have a universal 
quality independent of the geometry. The intersecting branes, on the other hand, have 
Kahler and brane modulus dependence through the worldsheet instantons, and so are 
sensitive to the whole compact space. It is nevertheless possible to use these latter 
computations in various limiting cases; for example intersecting branes can be used as 
a toy model for D-term supersymmetry breaking, but we postpone such calculations 
for further work. 
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A Theta Functions 

The theta functions are defined as 



a 
b 



exp 



7Ti{n + a)'^T + 27Ti{n + a){z + b) 



(A.l) 



and have periodicies 

(z -I- m;r) 



a 
b 



a 
b 



exp(2Triam)6 



a 
b 



(z-r) 



(A.2) 



{z + mr; r) = exp(— 27ri6m) exp(— vrim^r — 2mmz)6 



a 
b 



iz;r) 
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The modular transformation of 6i(z,t) = 



{z,t) is 



h{z,T) = i{-iT)-^/^e^p{-7riz^/T)ei{z/T,-l/T) 
= exp(-7ri/4)6'i(z,r + 1) 



9i{z,l/2 + it) = ^-exp{-7rz'/t)ei{-,--l/2) (A.3) 
Some additional identities used in the text are presented below. 



a + c 
(5 + d 



(z, r) = exp[27ric(z + d + a) + c^'KiT]0 



a 



(z + cr + d,T) (A.4) 



-^cot(7ra)+^cot(7r6)+47r ^ e^™^ sin(27rma + 27rn6) (A.5) 



ei{a)ei{h) 

^ ' ^ ' m,n=l 



oo 



= cot TTz + iTT y e^~^ sm(27rmz) (A.6) 

m,n=\ 
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